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CONSERVED CURRENTS IN D-DIMENSIONAL GRAVITY
AND BRANE COSMOLOGY1
Alexander N. Petrov2
Stergnberg Astronimical Institute,
Universitetskii prospect 13, Moscow 119992, Russia
In D-dimensional gravity on arbitrary curved backgrounds using proven methods con-
served currents, divergences of antisymmetric tensor densities (superpotentials), are
constructed. The superpotentials have two remarkable properties: they depend in an
essential way on second derivatives in the Lagrangian and are independent on diver-
gences added to it. In particular, these conserved currents are well adapted to the case
of perturbations in Gauss-Bonnet cosmological brane theories.
In general relativity (GR), gauge theories and supergravity, as a rule, conserved currents
(vector densities) are constructed as divergences of antisymmetrical tensor densities (su-
perpotentials). Frequently the use of an auxiliary background spacetime turns out even
inevitable (see [2] - [8] and references there in). With this one has to note that there are
other approaches without using backgrounds. One of them is developed, e.g., in [9, 10],
where the Nœther charges connected with asymptotic Killing vectors in asymptotically anti-
de Sitter theories of gravity are constructed with using special surface terms added to a
Lagrangian.
Here, developing the approach with backgrounds we consider an arbitrary D-dimensional
theory of gravity. Keeping in mind, say, scalar-tensor theories of gravity, or other general-
izations of gravity, we use the generalized gravitational variable AB ∈ gµν , ΦB where gµν
is D-dimensional metric and ΦB is a set of tensor density fields (not spinor ones). (If it is
necessary, it could be assumed that ΦB includes matter, non-gravitational variables.) We as-
sume that Lagrangian density Lˆ(AB; AB,α; AB,αβ) for gravitational field includes the second
derivatives as well as the first ones; hats “ˆ” mean densities of the weight +1. We consider
also an external auxiliary metric gµν of a fixed arbitrary curved background spacetime with
the Riemannian tensor R
α
βµν ; bars mean background quantities. To include gµν we, as usual
[11], rewrite the ordinary derivatives (,α) over the covariant with respect to gµν derivatives
(;α). Then the Lagrangian acquires an explicitly covariant form:
Lˆ = Lˆ = Lˆ(AB; AB;α; AB;αβ). (1)
Now indexes are shifted by gµν and g
µν .
1Firstly, a more part of the results were presented on the Conference GR16 [1].
2E-mail: anpetrov@rol.ru
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The Lagrangian (1), as a scalar density, satisfies the identity: £ξLˆ+ (ξαLˆ),α ≡ 0 where,
following to notations in [11], we define the Lie derivative with respect to a vector field ξα
as £ξAB ≡ −ξαAB ;α + ξβ ;α AB |αβ . This identity can be rewritten in the form:
[
LBAB;α + (L
B AB|βα);β
]
ξα −
[
uˆασξ
σ + mˆαβσ ξ
σ
;β + nˆ
αβγ
σ ξ
σ
;βγ
]
;α
≡ 0. (2)
In (2), the coefficients are defined by the Lagrangian in unique way:
uˆασ ≡ Lˆδασ + LB AB|ασ −MBαAB;σ −NBαβAB;βσ − nˆαβγλ R
λ
βγσ, (3)
mˆαβσ ≡MBα AB|βσ +NBαγ
[
(AB|βσ);γ − δβγAB;σ
]
, (4)
nˆαβγσ ≡ NBα(β AB|γ)σ . (5)
We use the notations for Lagrangian derivatives LB ≡ δLˆ/δAB, and
MBα ≡ ∂Lˆ/∂AB;α −
(
∂Lˆ/∂AB;αβ
)
;β, N
Bαβ ≡ ∂Lˆ/∂AB;αβ .
The coefficient at ξσ in the first term in (2) is identically equal to zero (generalized Bianchi
identity). The identity (2) has thus the form of the differential conservation law:
Iˆα;α ≡ Iˆα,α ≡ 0. (6)
For a generalized current we prefer to use the helpful form:
Iˆα ≡ −
[
(uˆασ + nˆ
αβγ
λ R
λ
βγσ)ξ
σ + mˆαβσ g¯
σρξ[ρ,β] + zˆ
α(ξ)
]
(7)
with z-term defined as
2zˆα(ξ) ≡ −mˆαβσ g¯σρ£ξgβρ + nˆαβγσ gσρ
[
(£ξgβγ);ρ − 2(£ξgβρ);γ
]
. (8)
If ξα is a Killing vector of the background, then zˆα(ξ) = 0 and the current (7) is determined
by the energy-momentum u-term and the spin m-term. Opening the identity (6) and, since
ξσ, ξσ,α, ξ
σ
,α,β and ξ
σ
,α,β,γ are arbitrary at every world point, equalizing independently to
zero the coefficients at ξσ, ξσ;α, ξ
σ
(;α;β) and ξ
σ
(;α;β;γ) we get a “cascade” (in terminology by
Julia and Silva [3]) of identities:
uˆασ;α +
1
2
mˆαρλ R
λ
σ ρα +
1
3
nˆαργλ R
λ
σ ρα;γ ≡ 0,
uˆασ + mˆ
λα
σ ;λ + nˆ
ταρ
λ R
λ
σ ρτ +
2
3
nˆλτρσ R
α
τρλ ≡ 0,
mˆ(αβ)σ + nˆ
λ(αβ)
σ ;λ ≡ 0,
nˆ(αβγ)σ ≡ 0. (9)
On the other hand, since Eq. (6) is identically satisfied, the current (7) must be a
divergence of a superpotential Φˆαβ for which Φˆαβ,αβ ≡ 0, that is
Iˆα ≡ Φˆαβ ;β ≡ Φˆαβ,β. (10)
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Indeed, substituting uˆασ and mˆ
αβ
σ from Eqs. (9) directly into the current and using algebraic
properties of nαβγσ and R
α
βρσ we reconstruct (7) into the form (10) where the superpotential
is
Φˆαβ ≡
(
mˆβασ + nˆ
λβα
σ ;λ
)
ξσ + 2
3
ξσnˆ
[αβ]λ
σ ;λ − 43 nˆ[αβ]λσ ξσ;λ. (11)
It is antisymmetric in α and β by the third identity in Eqs. (9). Of course, Eq. (10) is only
the other form of the differential conservation law Eq. (6).
Let us find contributions into currents and superpotentials from a divergence in the
Lagrangian δLˆ = kˆν ,ν . For the scalar density kˆν ,ν one has the identity (£ξ kˆα+ ξαkˆ ν ,ν),α ≡ 0
which gives contributions (i) δIˆα into the current (7) with coefficients: δuˆασ = 2(δ
[α
σ kˆ
β]);β,
δmˆαβσ = 2δ
[α
σ kˆ
β], δnˆαβγσ = 0; and (ii) δΦˆ
αβ = −2ξ[αkˆβ] into the superpotential (11). Then,
for Lˆ → Lˆ+ δLˆ Eq. (10) changes as
Iˆα + δIˆα ≡
(
Φˆαβ + δΦˆαβ
)
;β, (12)
where the changes do not depend on a structure of kˆν .
It is well known that without changing the identity (6) we can add to the current an
arbitrary quantity ∆Iˆα(ξ) satisfying [∆Iˆα(ξ)],α ≡ 0. Analogously, without changing Iˆα in
(10) the superpotential can be added by ∆Φˆατ (ξ), if [∆Φˆαβ(ξ)],β ≡ 0. However, the “bro-
ken” current and superpotential can be “improved” by the same way because the quantities
∆Iˆα(ξ) and ∆Φˆαβ(ξ) are not connected at all with the above procedure applied to the given
Lagrangian. Whereas, since the current and the superpotential in Eq. (10) are defined by
the coefficients (3) - (5), they are uniquely determined by the Lagrangian and the outlined
procedure. This claim develops also the criteria by Szabados [12] who suggested to con-
sider a connection of pseudotensors with Lagrangians “as a selection rule to choose from the
mathematically possible pseudotensors”.
Next, using an old rule due to Belinfante (see [13] and [8]) we define a tensor density
sˆαβσ ≡ −sˆβασ ≡ −mˆσ[αλ g¯β]λ − mˆα[σλ g¯β]λ + mˆβ[σλ g¯α]λ (13)
and add (sˆαβσξσ);β to both sides of (10). This generates a new conservation law of the form:
Iˆα(b) ≡ Φˆαβ(b) ;β ≡ Φˆαβ(b) ,β. (14)
This modification cancels the spin from the current (7):
Iˆα(b) ≡
(
−uˆασ + sˆαβσ;β
)
ξσ + zˆα(b)(ξ) ≡ uˆα(b)σξσ + zˆα(b)(ξ), (15)
and a new z-term appears, which is also equal to zero for Killing vectors of the background.
Thus, the current Iˆα(b) is defined, in fact, by the modified energy-momentum tensor density
uˆα(b)σ. Because the new superpotential depends on the n-coefficients only:
Φˆαβ(b) ≡ 2
(
1
3
nˆ[αβ]ρσ ;ρ + nˆ
τρ[α
λ ;τ g¯
β]λg¯ρσ
)
ξσ − 4
3
nˆ[αβ]λσ ξ
σ
;λ, (16)
3
it does not exist for Lagrangians with only the first order derivatives. On the other hand,
the superpotential (16) is well adapted to theories with second derivatives in Lagrangians,
like GR or brane cosmologies with Gauss-Bonnet Lagrangian. With (13) we conclude that
in the sense of our procedure the current Iˆα(b) and the superpotential Φˆ
αβ
(b) are defined also in
unique way by the Lagrangian (1).
It is important to note that the new currents (15) and superpotentials (16) are inde-
pendent on divergences δLˆ = kˆν ,ν added to the Lagrangian (see also [8]). Indeed, the
quantity (13) constructed for δmˆαβσ (see (12)) gives δsˆ
αβσξσ = 2ξ
[αkˆβ]. The addition of
(sˆαβσξσ + δsˆ
αβσξσ);β to Eq. (12) cancels the full spin m-term and suppresses δuˆ
α
σ and δΦˆ
αβ
because δuˆασ − (δsˆαβρg¯ρσ);β = 0 and δΦˆαβ + δsˆαβσξσ = 0 for an arbitrary kˆν .
Notice also that conservation laws in the form (10), (12) or (14) are identities. To
transform them into physically sensible conservation laws one has to use field equations in
the currents on the left hand sides.
As an example, consider a perturbed model of a brane cosmology. Let the role of AB
in (1) is only played by the physical metric gµν of a 5-dimensional bulk; g = det gµν . The
physical curvature tensor with including the background metric gµν can be rewritten in the
form:
Rλτρσ = ∆
λ
τσ;ρ −∆λτρ;σ +∆λρη∆ητσ −∆λησ∆ητρ +Rλτρσ (17)
(see, e.g., [2, 8]), where the tensor 2∆αµν ≡ gαρ(gρµ;ν + gρν;µ − gµν;ρ). The Einstein-Gauss-
Bonnet Lagrangian is [14, 15]:
Lˆ(5) = −1
2
M3
∗
√−g[R− 2Λ + α
(
R2 − 4RαβRαβ +RαβγδRαβγδ
)
︸ ︷︷ ︸
l(2)
] (18)
where M∗ is the string mass scale, α ∝ M−2∗ and l(2) is the Gauss-Bonnet term. Like
in Einstein’s theory [2], we present a perturbed (with respect to a background spacetime)
scenario for (18) by the Lagrangian:
Lˆ(5)pert = Lˆ(5) − Lˆ(5) + div. (19)
To construct a superpotential of the type (11) corresponding to (19) one has to go as
follows. Keeping in mind (17) we present Lˆ(5) in the form (1) and substitute it into (11). To
obtain a contribution from Lˆ(5) we do the “bar” operation under the previous result. Finally,
to take into account div in (19) we use (12). Here, we do not present an expression for this
superpotential explicitly, it coincides with the one given recently in [16]. We note only that
a choice of a divergence in (19) is in a one-to-one correspondance with boundary conditions
under variation, and for each of divergences an unique superpotential corresponds. The
Dirichlet boundary conditions are also permissible.
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Let us turn to the new superpotential (16) that does not depend on divergences in the
Lagrangian. The coefficient (5) corresponding lˆ(2) ≡ √−gl(2) in (18) with presentation (17)
is
nˆαβγ(5)σ =
(
gα(βδγ)ρ − δαρ gβγ
) (
Rˆδρσ − 8Rˆρσ
)
+ 4Rˆα(βγ)σ.
Then the superpotential (16), corresponding (19), acquires the form
Φˆαβ(5b) ≡ M3∗
[
δgˆσ[αξβ];σ + ξ
[αδgˆβ]σ;σ − gρ[αδgˆβ]σ;ρξσ
]
+ αM3
∗
[
2
3
δnˆ
[αβ]λ
(5)σ ξ
σ
;λ −
(
1
3
δnˆ
[αβ]ρ
(5)σ ;ρ + δnˆ
τρ[α
(5)λ ;τ g¯
β]λg¯ρσ
)
ξσ
]
(20)
with gˆαβ ≡ √−ggαβ, δgˆαβ = gˆαβ − gˆαβ and δnˆαβγ(5)σ = nˆαβγ(5)σ − nˆαβγ(5)σ.
The present work has some connections with previous results in [2] and [8]. In the work
by Katz, Bicˇa´k and Lynden-Bell [2] (KBL), with using the standard procedure (analogously
to (1) - (12) here) superpotentials and currents for perturbations on arbitrary curved back-
grounds in GR were constructed. In our work [8], the KBL system was modified by the
Belinfante method.
The Lagrangian (19) transfers to the KBL Lagrangian [2]: Lˆ(5)pert → LˆG after changingD =
5 by D = 4, and ifM−3
∗
= κ (Einstein constant), α = 0 and div = (2κ)−2(gˆρσ∆νρσ−gˆνρ∆σρσ),ν .
The substitution of LˆG into (7), (11) and (12) gives exactly the KBL conservation laws [2].
Our conclusion is, thus, that the KBL results in the sense of the procedure are uniquely
defined by the KBL Lagrangian LˆG. The problem of uniqueness in definition of the KBL
currents and superpotentials already was considered. So, Julia and Silva [3, 4], and in-
dependently Chen and Nester [5], stated that the KBL quantities are unique defined by
Dirichlet boundary conditions. Thus, our results are in a correspondance with [3, 4, 5],
Besides, changing the divergence in the Lagrangian LˆG we define uniquelly another super-
potentials and currents with different properties. An analogous assertion was done in [17] in
the framework of the covariant Hamiltonian approach.
Concerning our results in [8], substitution of the KBL Lagrangian LˆG into Eqs. (13) -
(16) gives exactly corresponding expressions for GR obtained by the Belinfante method [8].
By this we conclude that the conservation laws in [8] are uniquely defined by LˆG in the sense
of the procedure. Note also, that the superpotential (20) becomes the one in [8] for D = 4
setting M−3
∗
= κ and α = 0.
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